A D i s s e r t a t io n S u b m itte d t o th e G raduate F a c u lty o r th e L o u is ia n a S t a t e U n iv e r s ity and A g r i c u l t u r a l and M ech an ical C o lle g e i n p a r t i a l -f u lf illm e n t o f th e re q u ire m e n ts f o r th e 
ON THE SEMIGROUP STRUCTURE OF CONTIMJA A D i s s e r t a t io n S u b m itte d t o th e G raduate F a c u lty o r th e L o u is ia n a S t a t e U n iv e r s ity and A g r i c u l t u r a l and M ech an ical C o lle g e i n p a r t i a l -f u lf illm e n t o f th e re q u ire m e n ts f o r th e d e g re e o f D o cto r o f P h ilo so p h y i n The D epartm ent o f M athem atics by t h a t th e s e t T (p) i s a continuum . The a lg e b r a ic p r o p e r t i e s o f th e s e s e t s a r e f i r s t s tu d ie d . Of p a r t i c u l a r i n t e r e s t a r e th e sym m etric T(p) s e t s , which have th e p r o p e r ty t h a t f o r any x i n T(p) i t i s t r i e t h a t p i s a p o in t o f T(x)» F o r in s ta n c e , i t i s shown t h a t i f S = ESE, where E d en o tes th e s e t o f id e m p o te n ts, and th e sym m etric T (p) s e t s e p a r a te s S i n t o two m u tu a lly s e p a r a te s e t s A and B, w ith K, th e m inim al i d e a l , a s u b s e t o f A, th e n th e i d e a l g e n e ra te d by T (p) i s c o n ta in e d i n th e c lo s u r e o f A. The r e l a t i o n s o f th e s e t T(p) to v a r io u s ty p e s o f id e a ls
a r e c o n s id e re d . S e v e ra l theorem s o f W. M» F a u c e tt a r e ex ten d ed to th e n o n -a p o sy n d e tic s i t u a t i o n . C o n d itio n s u n d er which th e s e t s T (p) form 
F i n a l l y , o u r a t t e n t i o n i s f o c u s e d upon one d im e n sio n a l c o n tin u a . I t i s shown t h a t i f S i s an h e r e d i t a r i l y u n ic o h e r e n t continuum w ith a
u n i t and z e ro th e n S i s a rc w is e c o n n e c te d . The te c h n iq u e i s t o show t h a t th e u n iq u e continuum i r r e d u c i b l e from th e z e ro elem en t t o th e u n i t i s a sem ig ro u p . I t th e n fo llo w s from t h e th e o r y on i r r e
d u c i b l e c o n tin u a t h a t t h i s continuum i s an a r c . A number o f known theorem s a r e im m ediate from t h i s . A n o tio n o f e n d p o in t i s c o n s id e re d f o r such
c o n tin u a and fo u n d t o a f f e c t c o n s id e r a b ly th e a l g e b r a i c s t r u c t u r e .
F o r i n s t a n c e i t i s shown t h a t th e e n d p o in ts b e in g id e m p o te n t and commuting one w ith a n o th e r and th e e x is te n c e o f a z e ro im p ly S i s a b e l i a n . The s t r u c t u r e o f h e r e d i t a r i l y u n ic o h e r e n t c o n tin u a i s th e n a p p lie d to some p la n e c o n tin u a and c o n tin u a h a v in g c e r t a i n hom ogeneity p r o p e r t i e s •
CHAPTER I

NON-APOSINDETIC CONSIDERATIONS IN SEMIGROUPS By a t o p o l o g i c a l sem igroup we mean a H a u s d o rff sp a c e w ith an a s s o c i a t i v e c o n tin u o u s m u l t i p l i c a t i o n . By th e l e t t e r S we w i l l m ean, th ro u g h o u t t h i s w o rk , a t o p o l o g i c a l semigroup® A continuum i s a com pact c o n n e c te d H a u s d o rff s p a c e .
Itfe s h a l l b e i n t e r e s t e d , i n p a r t i c u l a r , i n th e a l g e b r a i c s t r u c t u r e o f sem ig ro u p s w hich a r e c o n tin u a .
T hese h av e b e e n s t u d i e d i n (7 ) b y means o f t h e i r s e p a r a t in g p o i n t p r o p e r t i e s ,^ an d i n (1 3 ) b y means o f t h e i r weak c u t p o i n t p r o p e r t i e s .
Of fu n d e m e n ta l im p o rta n c e i n t h i s w ork w i l l b e a g e n e r a l i z a t i o n o f c o n n e c te d n e s s i n k le in e m due t o Jo n e s ( 8 ) . A continuum X i s s a i d t o b e a p o s y n d e tic a t a p o i n t x w ith r e s p e c t to a p o i n t y i f t h e r e i s a su b co n tin u u m n o t c o n ta in in g y w hich c o n ta in s x w i t h i n an open s e t . The s e t T ( p ) , w hich Jo n e s n o te d was a c o n tin u u m , i s d e f in e d t o b e t h e s e t o f p o i n t s x su ch t h a t S i s n o t a p o s y n d e tic a t x w ith r e s p e c t t o p .
The s e t T ( u ) , w here u d e n o te s th e u n i t o f S , h a s b e e n s tu d i e d i n (13) w h ere i t was shown t h a t f o r a homogeneous c o n tin u u m , T (u ) ■ u , Among o t h e r c o n s id e r a tio n s we s h a l l d e v e lo p c o n d i t i o n s , in v o lv in g v a r i o u s ty p e s o f i d e a l s , u n d e r w hich th e s e t s T (p ) a r e g r o u p s . Of num bers i n p a r e n th e s e s r e f e r t o w orks i n t h e s e l e c t e d b i b l i o g r a p h y •
2: p a r t i c u l a r i n t e r e s t w i l l b e th e T (p ) s e t s w hich a r e sy m m etric, t h a t i s , h a v in g t h e p r o p e r t y t h a t f o r x c o n ta in e d i n T (p ) i t i s t r u e t h a t p i s a member o f T ( x )
• T h ere a r e a num ber o f re a s o n s f o r t h i s i n t e r e s t * The above c o n d i t i o n w ould o b v io u s ly b e n e c e s s a r y f o r t h e T (p) s e t s t o form an u p p e r s e m i-c o n tin u o u s c o l l e c t i o n , and as we s h a l l s e e , th e s e s e t s a r e sym m etric i n i r r e d u c i b l e c o n tin u a * I n t h i s s i t u a t i o n we s h a l l s e e t h a t th e s e t s T ( b y K» I t i s known t h a t i f S i s com pact th e n K e x i s t s a n d i s a r e t r a c tp o f S* A su b -se m ig ro u p i s a s u b s e t A su ch t h a t A i s a s u b s e t o f A* By a c l a n we mean a com pact c o n n e c te d t o p o l o g i c a l sem igroup w ith a u n i t . 2 I f e i s a p o i n t o f S su c h t h a t e s e th e n e i s c a l l e d an id em p o ten t*
The s e t E o f a l l id e m p o te n ts , i s c lo se d * I f A i s a s u b s e t o f S th e n J(A ) = A + SA. + AS + SAS* The s e t J i s d e f in e d a s th e s e t o f a l l x Jr su ch t h a t J ( x ) =* J ( p ) « I f e i s an id e m p o te n t th e n H(e) d e n o te s th e m axim al su b g ro u p c o n ta in in g e® T h o u g h o u t, we s h a l l assum e S t o b e com pact and c o n n e c te d .
The f o llo w in g d e f i n i t i o n can b e fo u n d i n (8 )® DEFINITION 1*1* A continuum S i s s a i d t o be a p o s y n d e tic a t a p o i n t x w ith r e s p e c t t o a p o i n t y i f t h e r e i s a subcontinuum o f S w hich does n o t c o n ta in y and c o n ta in s x w ith in an open s e t . DEFINITION 1®2® F o r any p o in t p th e s e t T(p) i s d e fin e d to be th e s e t o f a l l p o in ts x such t h a t S i s n o t a p o s y n d e tic a t x w ith r e s p e c t t o p® I t i s known, (1 0 ), t h a t T(p) i s a continuum.® F o r c o m p le te n e ss, we i n d i c a t e a p r o o f o f t h i s f a c t . Suppose on th e c o n tr a ry t h a t T(p) i s th e sum o f two m u tu a lly s e p a r a te d s e t s A and B w ith p a p o in t o f A. L e t V be an open s e t a b o u t A such t h a t F , th e boundary o f V, does n o t m eet T (p ), F o r each p o in t f o f F t h e r e i s a subcontinuum n o t con t a i n i n g p , and c o n ta in in g f i n an open s e t . S in c e F i s co v ered b y a f i n i t e number o f such open s e t s , i t fo llo w s t h a t th e s e t (S -V) -s* (th e sum o f th e f i n i t e number o f c o n tin u a whose i n t e r i o r s co v e r F) i s th e sum o f f i n i t e l y many com ponents. I f b i s any p o i n t o f B th e n th e clo » s u re o f i t s component i s a continuum w ith i n t e r i o r c o n ta in in g b and n o t p . T h is i s a c o n tra d ic tio n ® The fo llo w in g theorem was p ro v e d in (13) u n d er th e assum ption t h a t S was a clan® THEOREM X®1® I f S ** ES * SE and T(p.) m eets an i d e a l I , th e n p i s a 6 ). S in c e J* i s a n i d e a l p r o p e r ly c o n ta in in g J i t f o llo w s t h a t J * m eets T ( p ) . By Theorem 1 .1 th e p o i n t p i s i n J* a n d th e th eo rem f o llo w s .
The f o llo w in g d e f i n i t i o n , whose m o tiv a tio n has b een i n d i c a t e d , w i l l , i n th e f u t u r e , p ro v e q u i t e n a t u r a l . 
I t i s e a s y t o s e e t h a t th e r e s t r i c t i o n t h a t T (p ) b e sym m etric i s
n e c e s s a r y i n Theorem l . l i . The sym m etric T (p) s e t s a r e o f i n t e r e s t i n th e m se lv e s and we s h a l l now exam ine them f u r t h e r . THEOREM 1 . 5 . Suppose S *= ESE an d p i s n o t a p o i n t o f K* I f T (p ) i s sym m etric th e n i t c o n ta in s a t m ost one id e m p o te n t.
PROOF. I f e and f a r e two id em p o ten ts I n T(p.), c o n s id e r eS and Sf®
Both s e t s c o n ta in T ( p ) j hence 0 E e f E f , The fo llo w in g n o tio n w i l l b e u s e f u l th ro u g h o u t t h i s work® DEFINITION l J u The s e t C i s s a id to w eakly c u t th e s e t A from th e s e t The above th e o rem , a s w e ll a s Theorems 1*3 and 1*6, may b e con s i d e r e d , i n a c e r t a i n s e n s e , t o be n o n -a p o sy n d e tic a n alo g u es o f F a u c e t t 's r e s u l t s (7)* I n t h a t w ork th e em phasis i s upon a s e p a r a tin g p o in t and th e i d e a l i t g e n e ra te s * s® l i k e w i s e p ® y t" Now t h e n , p = ( s x ) ( y t ) ~ s ( x y ) t and. h e n c e i s i n A s in c e A i s a n i d e a l . T h is i s a c o n t r a d i c t i o n .
C o n d itio n s i n some o f t h e p r e v io u s th e o re m s may b e w eakened i n a c c o rd a n c e w ith t h e ab o v e th e o re m .
The f o llo w in g th e o re m a s s e r t s , f o r ex am p le, t h a t t h e sum o f two t a n g e n t in d e c o m p o sa b le c o n tin u a c a n n o t b e a sem ig ro u p w ith u n i t . We s h a l l exam ine a g e n e r a l i z a t i o n o f t h i s s i t u a t i o n m ore c l o s e l y i n t h e l a s t c h a p t e r . 
o n c e rn e d , h a s t h e p r o p e r t y t h a t S ° S® We s h a l l show i n t h i s s e c t io n t h a t t h i s p r o p e r t y , t o g e t h e r w ith th e e x is te n c e o f a z e r o , w i l l im p ly
t h a t an i r r e d u c i b l e continuum i s a n a r c o r a dendron® An a r c i s a continuum X c o n ta in in g two p o i n t s a and b such t h a t any o t h e r p o i n t s e p a r a t e s X, An i r r e d u c i b l e continuum i s e a s i l y s e e n t o be a n a r c i f i t i s a p o s y n d e tic . On t h e o t h e r h a n d , a m e tr ic in d eco m p o sab le continuum i s c h a r a c t e r i z e d by th e e x is te n c e o f t h r e e p o i n t s , betw een each p a i r o f w hich i t i s i r r e d u c i b l e . A f t e r s tu d y in g th e continuum w ith a z e r o , o r 2 d e g e n e ra te k e m a l , an d h a v in g th e p r o p e r ty t h a t S » S , we s h a l l exam ine th e c a s e o f t h e n o n -d e g e n e ra te kernel® As we s h a l l s e e , K may a p p e a r a s a n a r c , an in d eco m p o sab le co n tin u u m , o r a s a g ro u p . I n some c a s e s no c o n t r o l w h a ts o e v e r may b e h ad o v e r K, s a v e t h a t i t b e i r r e d u c The n e x t theorem in d i c a t e s how th e n o n -a p o sy n d e tic s t r u c t u r e o f S a f f e c t s th e zero elem ent o f S* THEOREM 2*3© I f K c o n ta in s n e i t h e r a n o r b and S **-ES + SE th e n K sep a r a t e s a from b© PROOF, L e t x be a p o in t o f K© Then T(x) does n o t c o n ta in a-j f o r i f i t d id , th e n we w ould have x i n T (a) from Theorem 2*1, and from Theorem 1*1.
at would b e a p o i n t o f K* I n th e same way, b i s n o t c o n ta in e d i n T ( x ) .
Hence T (x) s e p a r a te s a from b . The theorem now f o llo w s .
• ° I n ( l£ ) i t i s shown t h a t S. * S im p lie s th a t-S " ESE, an d t h i s i s
t h e r e a s o n f o r th e f o llo w in g h y p o th e se s* The fo llo w in g th eo rem i s fu n d am en tal* THEOREM 2 J u 3 f S * ESE and S h a s a z e ro th e n S i s an a r c * PROOF* L e t e b e a n id e m p o te n
t o f S • L e t M b e t h e continuum i r r e d u c i b l e a b o u t {o ) *■ T(e)® L e t x b e a p o i n t o f M such t h a t T (x) c o n ta in s no
id e m p o te n t. We s h a l l show f i r s t t h a t T (x) ® {xi® From Theorem 1*12-i t fo llo w s t h a t S -T (x ) ® * C + D m u tu a lly s e p a r a te * w ith o a p o i n t o f C and e a p o i n t o f D« L e t f b e th e l e a s t id e m p o te n t, i n th e s e n s e t h a t From (H i) we know t h a t i f a i s a p o i n t o f A th e n £anJ c l u s t e r s a t an id e m p o te n t h* C l e a r ly any su ch h i s i n C* L e t y b e a p o i n t o f S w eakly c u t t i n g h from x* I t fo llo w s fro m Theorems 1 .1 2 and l . 
w hich h a s t h e p r o p e r ty t h a t f S f c o n ta in s T ( x ) .
Such an f e x i s t s from ( llv ) . I t now fo llo w s t h a t th e o n ly id e m p o te n t i n th e common p a r t o f f S f an d D i s f , f o r i f g i s any
l i t h a t T(y) s e p a r a te s h from x and does n o t m eet T (h ) o r T ( x ) . Then t h e r e i s an i n t e g e r m su ch t h a t th
l U t h a t t h e s e t s T (p ) form an u p p e r s e m ic o n tin u o u s d e c o m p o sitio n o f S i n t o an a r c . We now a s s e r t t h a t i f g i s any id e m p o te n t o f S th e n T (g) ® £g$« I n t h e h y p e rsp a c e G, w hich i s a n a r c , c o n s id e r t h e i n t e r v a l from T (o ) t o T ( g ) . I f i n an y su b i n t e r v a l T (p ) t o T (g) t h e r e a r e e le m e n ts T (x ) su c h t h a t t h e s e t T (x )
c o n ta in s no id e m p o te n t th e n s in c e T (x ) ® \ x .\ t h e r e a r e s e p a r a t i n g p o i n t s o f eSe a r b i t r a r i l y c l o s e t o H (e ) ® T h is i s im p o s s ib le b y (7)« S uppose on t h e o t h e r h a n d t h a t th e i n t e r v a l T (p ) t o T (g ) c o n ta in s o n ly e le m e n ts T (y ) su ch t h a t T (y ) m eets E* By Theorem 1.U each su ch s e t
T (y ) c o n ta in s p r e c i s e l y one id e m p o te n t e(y)® I t th e n f o llo w s b y r e s t r i c t i n g t h e n a t u r a l m apping to th e h y p e rs p a c e t h a t t h e r e i s an a r c fro m T (p ) t o T ( e ) , any p o i n t o f w h ic h , b y th e i r r e d u c i b i l i t y o f S , s e p a r a t e s S® A g ain t h i s i s im p o s s ib le b y (7)® I t i s now im m ed iate t h a t S i s an a rc * I t i s shown i n ( l5 ) t h a t i f S i s i r r e d u c i b l e from a z e ro t o a u n i t i t i s an arc® The m ethods o f p r o o f a r e s u b s t a n t i a l l y d if f e r e n t®
The arg u m en t i n (X3>) makes u s e o f c o n s id e r a b le a l g e b r a i c a p p a r a tu s * The p r o o f h e r e i s m ore elem entary® A c t u a l l y , t h e above argum ent s l i g h t l y e n la r g e d , shows t h a t i f
S **= ESE, i s i r r e d u c i b l e a b o u t n p o i n t s and h a s a z e ro i t i s a dendron®
We s h a l l , h o w ev er, l i m i t o u r s e lv e s to th e c a s e n «* 2 , s in c e a l l o f th e t o p o l o g i c a l i r r e g u l a r i t i e s o f K a r e th e n p resen t® 2 S uppose S « S and S h a s a zero® I t i s shown i n (15>) t h a t e i t h e r S h a s a one s id e d u n i t o r S ® ESE* Hence S i s an a r c * T h is c o u ld h av e b e e n b y p a s s e d i n t h e p r o o f o f Theorem 2»k b y c o n s id e r a t i o n o f eSe® T h i s , h o w ev er, w ould r e q u i r e u n n e c e s s a ry d e t a i l * We s h a l l now c o n s id e r th e p ro b le m o f t h e n o n -d e g e n e ra te k e r n e l* As u s u a l , we d e n o te t h i s b y K® The f o llo w in g f a c t s c a n b e v e r i f i e d i n 2 a s tr a i g h t f o r w a r d manner® I f S « * ■ S and S h a s n e i t h e r l e f t n o r r i g h t u n it* th e n b o th a and b a r e id em p o ten ts* K s e p a r a te s S i n t o A + B* and b o th K + a an d K +■ b a r e sem igroups "with u n its * a and b® I f S h ad a l e f t o r r i g h t u n i t e , th e n e i s e i t h e r a o r b« We rem ark t h a t i f S ® ESE an d K s e p a r a te s S i n t o A +• B s e p a ra te * and B c o n ta in s no id em p o ten t* th e n A c o n ta in s a u n i t o f S . We n o te t h a t A c o n ta in s a l e f t u n i t e from th e d is c u s s io n fo llo w in g Theorem 2*U® Now b = e b f f o r some f an elem en t o f E . S in c e f i s n o t i n B, i t m ust b e i n A and h en ce be "e b fe = e b f *» b® I t fo llo w s t h a t eSe = S« To s im p lif y th e d is c u s s io n we u s e th e n o tio n o f C -s e t a s s tu d i e d i n ( 2 1 ) .
DEFINITION 2*1# A s u b s e t M o f a sp a c e X i s c a l l e d a C -s e t i f any continuum m ee tin g M and X -M m ust c o n ta in M ®
The fo llo w in g th eorem w i l l be h e l p f u l i n th e d is c u s s io n o f K® THEOREM 2*5® Suppose I i s a c lo s e d s u b s e t o f S * n o t s e p a r a tin g S* su ch t h a t S* ( th e sp a c e form ed b y s h r in k in g I t o a p o in t) is_ an a r c ® I f I h a s v acu o u s i n t e r i o r th e n i t i s a C-s e t ® PROOF. D enote th e c a n n o n ic a l mapping by » S ' i s th e n an a r c from $>(l) to some p o i n t s a y # ( p ) . I f M i s any continuum m eetin g I and c o n ta in in g a p o i n t x i n S -I* th e n c o n s id e r (M)» T his continuum m ust c o n ta in th e i n t e r v a l from ^( I ) t o 6» (x ). B ut th e n we n o te t h a t th e in v e r s e u n d e r o f th e i n t e r v a l ft ( i t s z e ro t o i t s u n i t 1® I f F (S -I ) i s n o n d e g e n e ra te th e n S -I i s an a b e l i a n sem ig ro u p a n d F (S -I ) i s a n a b e l i a n g ro u p ® PROOF® l e t x a n d y b e p o i n t s o f S -I and su p p o se x y i s i n I® Now x ( y , l ) i s l o c a l l y c o n n e c te d co n tin u u m m e e tin g I a n d c o n ta in in g x®.
S in c e S / i i s a n a r c i t i s c l e a r t h a t F (S -I ) i s d e g e n e r a te , w hich i s a c o n tr a d ic tio n ® S -I i s a b e l i a n fro m (6 )® I t i s now im m ed iate t h a t K i s a b e l i a n and h e n c e a group®
Example 2®X i l l u s t r a t e s t h e above theorem *
We s h a l l now exam ine t h e n o n d e g e n e ra te k e r n e l . We s h a l l assum e, u n t i l f u r t h e r n o t i c e , t h a t K i s su c h a k e r n e l* Our a p p ro ach s h a l l be t o f i r s t exam ine th e s i t u a t i o n i n w hich K h as a v acu o u s i n t e r i o r and t h e n t h e c a s e i n w hich K h a s an i n t e r i o r . B oth c a s e s a r e f u r t h e r b ro k e n down i n t o th e s i t u a t i o n s when K does a n d does n o t s e p a r a te * THEOREM 2*7® I f K h as v acu o u s i n t e r i o r and does n o t s e p a r a t e S th e n K i s an a b e l i a n group an d i s a C»set® PROOF* From Theorem 2*3 we s e e t h a t K c o n ta in s a o r b , s a y a* The q u o t i e n t S /K i s a n a r c fro m i t s z e r o t o i t s u n it* The r e s u l t i s now im m ed iate fro m Theorem 2*6 s in c e K i s th e b o u n d a ry o f S • K© THEOREM 2*8* IX K has vacuous i n t e r i o r an d s e p a r a te s S th e n K i s a PROOF, L e t u s suppose f i r s t t h a t S h as n e i t h e r l e f t n o r r i g h t u n i t .
L e t u s w r i te S «» X *■ A +■ B m u tu a lly s e p a r a te w ith a an elem en t o f A and b an elem en t o f B, From th e d is c u s s io n fo llo w in g Theorem 2 ,U , b o th A and B c o n ta in id e m p o te n ts , s a y e a n d f . I f F(A) i s nondegener a t e , th e n by Theorem 2 ,6 i t i s an a b e lia n g ro u p . The same i s t r u e f o r F (B )« C le a r ly one o r th e o t h e r i s n o n d e g e n e ra te . We th e n s e e t h a t s in c e If « F(A) + F (B ), K i s an a b e lia n g ro u p .
L e t u s suppose now t h a t S h as a l e f t u n i t e . We s h a l l suppose © i s a member o f A, I f F(A) i s d e g e n e ra te s th e n , l e t t i n g F(A) * k we s e e t h a t th e l o c a l l y co n n ected continuum b ( k ,e ) c o n ta in s an a r c from b t o K and K i s d e g e n e r a te . Hence F(A) i s n o n d e g e n e ra te , an d an a b e lia n group by Theorem 2 ,5 . I f K ® F(A) we have n o th in g f u r t h e r to show.
O th erw ise, we n o te t h a t F(B) c o n ta in s K -F(A) and i s n o n d e g e n e ra te .
From Theorem 2 .6 , F(B) i s a C -s e t i n B* , I f x i s any p o i n t o f F(B) th e n , s in c e F(B) i s a C -s e t i n B*, and s in c e m u l t i p l i c a ti o n i s con tin u o u s , we s e e t h a t Sx c o n ta in s F (B ). S in c e F(A) i s a group m eetin g Sx i t i s c o n ta in e d i n S x , and so Sx c o n ta in s K. I t fo llo w s from (Ih.) t h a t K h as a r i g h t u n i t and s in c e i t c o n ta in s a n o n d eg en erate g ro u p , i t i s i t s e l f a g ro u p . Exam ple 2 .3 i l l u s t r a t e s t h e above th e o re m .
THEOREM 2 .1 0 . I f e v e ry e le m e n t o f K i s a l e f t z e ro a n d S h a s a l e f t u n i t e th e n K, a n d h e n c e S , is_ an a r c . PROOF* We su p p o se f i r s t t h a t K does n o t s e p a r a t e S* By Theorem 2*3
we may assum e t h a t b i s a p o i n t o f K. Then a i s an id e m p o te n t a n d by L o t us now summ arize o u r r e s u l t s i n th e c a s e o f th e n o n d eg e n e ra te k e r n e l . Again we s t a t e t h a t S i s i r r e d u c i b l e betw een two p o in t s a and 2 b w ith th e p r o p e r ty t h a t S 1, 3 S . As we have seen* i f K h as no i n t e r i o r i t i s a to p o l o g i c a l g ro u p • C onversely* Example 2 .1 below shows t h a t any. c o n t a c t , connected* s e p a ra b le * a b e lia n group may s e rv e a s K. Mien K h as a nonvacucras i n t e r i o r th e s i t u a t i o n i s more com plex. Here* i f K i s composed o f o n e -s id e d z e ro s * and S h as a u n i t , th e n K, and con s e q u e n tly S , m ust b e an a r c . I f S h a s o n ly a o n e -s id e d u n i t , Example 2 .3 shows t h a t any i r r e d u c i b l e continuum may a p p e a r as K« F i n a l l y , we saw t h a t i f K i s a group and h as nonvacuous i n t e r i o r i t i s indecom pos a b l e . 
S i s a c la n i r r e d u c i b l y c o n n e c te d betw een two id e m p o te n ts w hich com-
Bute® S h a s a n o n d e g e n e ra te k e r n e l and i s n o t abelian® EXAMPLE 2«5>® L e t S bo th e c la n o f E x a rp la 2®U, i r r e d u c i b l e from k t o © i t s unit® Form S x I® We n o te t h a t (fk$ x I ) * (S x I o\ ) * ({ e jx I ) i s a c la n w ith a n o n d e g e n e ra te k e r n e l which s e p a r a te s it® We n o te
f u r t h e r t h a t ({lei x I ) + (S x io 'i ) :1s a sem igroup i r r e d u c i b l e betw een to o p o i n t s , h a v in g n e i t h e r l e f t n o r r i g h t u n i t , and h a v in g a nondegeno r a t e k e r n e l w hich s e p a r a te s it® EXAMPLE 2®6. L e t S be t h e c la n o f Example 2«1 i r r e d u c i b l e from G to u® 1 s t e b e th e u n i t o f G® Form S x I . We s e e t h a t ( f e l x I ) + (S x C d i) + ({ u l x I ) i s i r r e d u c i b l e betw een two points® Suppose G c o n ta in s a subgroup H w ith th e p r o p e r t i e s o f th e group o f Example -2*1* Form S x I and from th e c y lin d e r H x I c o n s tr u c t T, i r r e d u c i b l e as i n Example 2®1®. We s e e t h a t T * (S °x { o \ ) i s a sera ig r o u p / w i t h n e i t h e r l e / t n o r r i g h t u n i t , i r r e d u c i b l e betw een two p o in ts * K h a s vacu o u s i n t e r i o r * but i s n o t a C -s e t.
We rem ark t h a t i f K s e p a r a te s S i n t o A + B m u tu a lly s e p a r a t e , ■with a l e f t u n i t i n A, and w ith F(A) = K, th e n F(B) i s d e g e n e ra te *
F o r su p p o se F(B ) i s n o n d e g e n e ra te . An e a s y argum ent shows t h a t K + A i s a sem igroup an d t h a t i f x i s a p o i n t o f B and y i s a p o i n t o f A th e n x y i s an elem en t o f B. H ence, s in c e AB i s a s u b s e t o f B, by c o n t i n u i t y o f m u l t i p l i c a t i o n , F(A )F(B) i s a s u b s e t o f F (B )" T h is i s im p o s s ib le s in c e F(A) 13 K i s a group* EXAMPLE 2*7® L e t G b e an in d eco m p o sab le continuum w hich i s a g ro u p .
Form G x I® We n o te t h a t (G x $ o i) * ( f e \ 3C I ) i s a se m ig ro u p , i r r e d u c ib le b etw een two p o i n t s , w here s i s t h e u n i t o f G, I f g i s any
p o i n t o f G, w hose com posant i n G does n o t c o n ta in e , th e n ( f g l x I ) + (G x fd } ) + ({ e l x I ) i s a sem igroup i r r e d u c i b l e betw een two p o i n t s .
CHAPTER H I
HEREDITARIEr UNICOHERENT CONTINUA AND SEMIGROUPS I n t h i s s e c t io n o u r concern isri.ll b e sem igroups w hich a r e h e r e d i t a r i l y u n ic o h e re n t c o n tin u a o r one d im e n sio n a l c o n tin u a . The dimen
s io n u s e d h e r e i s i n th e se n se o f Cohen (*>}• I t i s o f th e u tm o st im p o rtan ce to e x h i b i t a r c s i n c o n tin u a and th e g e n e r a l problem o f a r c s i n sem igroups i s f a r from s o lv e d . I n th e c a se o f a to p o lo g ic a l g ro u p , t h e u n i t m ust b e c o n ta in e d i n an a r c . Koch, ( 1 2 ), h a s shown t h a t a continuum sem igroup w ith u n i t m ust c o n ta in an a r c . T h is a r c n e e d n o t b e a t th e u n i t . When t h e r e a r e no o th e r id ern p o te n ts c lo s e t o th e u n i t a n a r c may b e s t a r t e d t h e r e as i n ( 1 8 ) . A t th e en d o f t h i s s e c t io n we s h a l l e x h i b i t a continuum w ith i t s u n i t c o n ta in e d i n no a r e .
S in c e t h i s continuum i s of-dim ension g r e a t e r th a n o n e , th e q u e s tio n a r i s e s a s to w h eth er o r n o t such an a r c e x i s t s a t th e u n i t i n one d im e n sio n a l c o n tin u a . In d e e d , we w i l l show -th at such a continuum ,
(modulo I t s k e r n e l ) , i s a c t u a l l y a r c w ise c o n n e c te d . Hence one dimen s i o n a l continuum sem igroups w ith u n i t and z e ro w i l l a p p e a r a s r a t h e r r e s t r i c t e d a rc w ise c o n n e c te d h e r e d i t a r i l y u n ic o h e re n t c o n tin u a . T h is r e s t r i c t i o n w iH be d e s c rib e d i n term s o f a p o s y n d ic ity .
We w i l l n o te t h a t an a p o s y n d e tic continuum , (one i n w hich T (p) » p f o r a l l p ) , w hich i s h e r e d i t a r i l y u n ic o h e re n t i s a d e n d ro n . Hence ■the theorem s h e r e w i l l in c lu d e th e known r e s u l t s f o r such c o n tin u a ( 7 ) . l a (33) I t i s shown t h a t a one d im e n s io n a l co n tin u u m w ith u n i t a n d z e r o i s h e r e d i t a r i l y u n ic o h e r e n t* Our th eo rem s w i l l * f o r t h e m o st p a r t * b e s t a t e d f o r su c h continua®
C o n ce rn in g t h e few th eo rem s on n e a r l y homogeneous c o n tin u a * t o t h e a u t h o r 9© know ledge t h i s s u b j e c t i s u n e x p lo re d * T h is i s a l s o t r u e o f t h e p l a n a r c la n s t o w hich a p p l i c a t i o n w i l l b e made* As alw ay s S i s assum ed t o b e com pact and co n n e c te d *
I f t h e r e i s a u n iq u e co n tin u u m i r r e d u c i b l e fro m t h e p o i n t a t o t h e p o i n t b i t w i l l b e d e n o te d b y (&*b)« The f o llo w in g th e o re m i s o b v io u s •
THEOREM 3*1* I n a n h e r e d i t a r i l y u n ic o h e r e n t con tin u u m a su b eo n tin u u m i r r e d u c i b l e b etw e en tw o p o i n t s i s u n iq u e * THEOREM 3 .2 * I f 5 i s a n h e r e d i t a r i l y u n ic o h e r e n t continuum w ith a u n i t 1* a n d a z e r o o* th e n S i s a r c w is e c o n n e c te d * I f e r th e r t h e a r c fro m o t o 1 i s a se m ig ro u p * PROOF* W® s h a l l show f i r s t t h a t th e co n tin u u m ( o * l) i s a sem igroup* L e t x a n d y b e p o i n t s o f ( o * l) * C o n s id e r now ( o * s y ) s an d assum e x y i s n o t a n e le m e n t o f ( o * l) * We a s s e r t t h a t x i s n o t a n e le m e n t o f (®*xy) A ( o * l) # S uppose now t h a t x i s a n e le m e n t o f common p a r t * I n p a r t i c u l a r a " x t f o r some t a n elem en t o f ( y , l ) *
We now a s s e r t t h a t y i s an elem en t o f tS * Suppose on th e c o n tr a r y t h a t y i s n o t an e lem en t o f tS * C le a r ly th e n we may su p p o se t h a t t i s n o t a n elem en t o f T (y ) o r e l s e we s h o u ld hav e by Theorem 1*2 th e r e s u l t t h a t y i s an e lem en t o f t S , s in c e t i s a n elem en t o f tS and tS i s a r i g h t id e a l* We now exam ine th e two c a s e s t t h e f i r s t when 1 i s n o t an elem en t o f T ( y ) , and t h e seco n d when 1 i s a n . elem en t o f T (y) * We a s s e r t th e n t h a t y w eakly c u ts t from 1 o r t h a t y w eak ly c u ts o from t* F o r i f n e i t h e r o f th e s e h e ld t h e r e w ould b e a continuum c o n ta in in g o and 1 b u t n o t y* But y i s an elem en t o f ( o , l ) w hich i s a v i o l a t i o n o f
Theorem 3*1* Now i f y w eakly c u ts o fro m t 3 we n o te t h a t tS c o n ta in s o and t so t h a t y i s an elem en t o f tS * Hence we may su p p o se t h a t y w eakly c u ts t from 1* We now hav e y w eakly c u t t i n g t from 1 , t n o t .
i n T ( y ) , and 1 n o t a n elem en t o f T (y)* By Theorem 1*12, T (y) s e p a r a t e s t from. I f h en ce S -T (y) « A * B m u tu a lly s e p a r a t e w ith t an e l e m ent o f A an d 1 an elem en t o f B® Now T (y) + B is a continuum w hich c o n ta in s y an d 1 and c o n s e q u e n tly ( y ,l ) * S in c e t i s an elem en t o f t h i s i s m a n if e s tly im p o s s ib le .
Hence we may suppose t h a t 1 i s a n elem en t o f T (y)* Sine© I ( y )
•then c o n ta in s y an d 1 we co n clu d e t h a t T (y) c o n ta in s ( y , l ) so t h a t t i s a n elem en t o f T ( y ) , w hich i s a c o n t r a d i c t io n .
2$
We now h a v e shown t h a t y i s a n e le m e n t o f tS so t h a t y ® t s f o r some s a n e le m e n t o f S» Now x y " = x ( t e ) ( x t ) s ** a s so t h a t xjr ° z s w h ere a i s i n th e common p a r t o f (o sx y ) a n d ( 
an d t h a t S h a s a a e r o * I f S i s e i t h e r one d im e n s io n a l o r h e r e d i t a r i l y u n ic o h e r e n t th en , S i s a rc w is e con
n e c te d * PROOF. S in c e <* S i t f o llo w s fro m (1 6 ) t h a t S ESE* I f s i s an y p o i n t o f S t h e n s * x e y w here e i s a n l d e n p o t e n t . The c l a n eS©, i f one d im e n s io n a l, i s h e r e d i t a r i l y u n ic o h e r e n t (1 3 )* By Theorem 3«2 t h e r e i s an a r c ( o ,e ) * F i n a l l y x ( o , e ) y c o n ta in s a n a r c fro m o t o s , fro m w hich a r c w is e c o n n e c te d n e s s f o llo w s * THEOREM 3*U* S u p p o se S i s a r c w i s e . c o n n e c te d a n d , h e r e d i t a r i l y u n ic oh e r o u t * I f S h a s a z e r o o a n d x w e a k ly , c u ts o f rom y th e n y i s n o t a p o i n t o f Sx« PROOF* I f we w ere t o h a v e y a n e le m e n t o f Sx t h e n , s in c e y ■ s x , t h e 
and n o te t h a t n " x t w ith t i n ( y ,q ) • We a l s o n o te , s in c e y K t s , t h a t s y •* x ( t s ) * ( x t ) s * zs and a g a in we have a c o n tad i c t i o n t o Theorem 3®*>»
We rem ark t h a t th e s Q t l ( p ) was sym m etric i n d e a lin g w ith i r r e d u c ib le c o n tin u a w h ile th e n e x t theorem i m p li e s , i n th e p r e s e n t s e t t i n g , t h e i r a n ti-s y m m e try . -A. number o f c a n d id a te s , f o r c la n s t r u c t u r e may e a s i l y be r u l e d o u t w ith t h i s th eo rem . A seq u en ce o f a r c s con v e rg in g t o a t r i o d a l l w ith a s in g le e n d p o in t i n common i s such a n example* ' • The p a r t i a l o r d e r o f th e f o llo w in g theorem , i s i n t h e s e n s e o f (2 2 )* THEOREM 3*10* S toops® S i s arcw ig.e c o n n ected , a n d .h e r e d i t a r i l y unico® fa e re n t ■with, a z e ro o* I f . . one d e f i n e s . x -y , i f . e i t h e r x\ w e ak ly c u ts c from y o r x * o , t h e n 'W? i s a n o r d e r d e n s e c o n tin u o u s p a r t i a l o rd e r* PROOF* S in c e x w e a k ly c u ts o fro m y i f a n d o n ly i f x i s a n e le m e n t o f (e * y )# i t i s im m e d ia te ly s e e n t h a t i s a p a r t i a l o rd e r* fh® o r d e r d e n s e n e s s i s c l e a r * To show c o n tin u i ty^ su p p o se a ^ b a n d b a . We a s s e r t t h a t t h e r e e x i s t open s e t s T? a n d 
. As t h i s i s a c o n t r a d i c t i o n t o h e r e d i t a r y u n i -
c o h e re n c e th e p r o o f i s co m p lete* DEFINITION 3*2* By a m axim al a r c we mean one w hich i s n o t a p r o p e r s u b s e t o f a n y o t h e r a r c o f S* I t i s c l e a r t h a t i n a n a r c w is e c o n n e c te d h e r e d i t a r i l y u n i c o h e r e n t continuum ©very maxim al a r c i s a s s o c ia t e d w ith two e n d p o in ts*
The f o llo w in g th eorem may be p ro v e n f o r m e tr ic c o n tin u a w ith o u t t h e a lg e b r a ic r e q u ire m e n ts . T h is i s a g e n e r a l i s a t i o n o f th e c l a s s i c a l th eo rem f o r dendrons* THEOREM 3 ,1 1 , I f S i s an. h e r e d i t a r i l y u n ic o h e r e n t continuum w ith a l e f t u n i t e a n d a z e ro o s th e n S i s a rc w is e co n n e c te d and any a r c i s n e i t h e r a n o r b* S in c e T (p ) •= p and s in c e p w eakly c u ts a from b , i t fo llo w s from Theorem 1*12 t h a t p s e p a r a te s a from b* Hence S i s a dendron* The se co n d s ta te m e n t i s insnediate* THEOREM 3«X3« S uppose S i s one d im e n s io n a l and " S . I f S h a s no w eak c u t p o i n t th e n S i s a s im p le c lo s e d c u r v e * PROOF* We a s s e r t t h a t S ■ K so t h a t t h e th e o re m fo llo w s * I f n o t , fo rm S ' , t h e R ees q u o t i e n t modulo K* S° i s th e n one d im e n s io n a l, e q u a l t o i t s s q u a r e , an d h a s a z e ro o . Hence any p o i n t x* o f S ' w hich i s a n o n -e n d p o in t i s a weak c u t p o in t* S in c e S ! -o an d S -K a r e hom eom orphic, we a r r i v e a t a c o n tr a d ic tio n * Hence S i s a group* S in c e S i s one d im e n s io n a l, i t i s w e ll known t o be e i t h e r a s im p le c lo s e d c u rv e o r a n in d eco m p o sa b le continuum * I n th e l a t t e r c a s e e v e r y p o i n t i s a weak c u t p o in t* Hence S i s a s im p le c lo s e d c u r v e .
THEOREM 3*114.* S uppose S i s a r c w is e c o n n e c te d , h e r e d i t a r i l y u n ic oh e r e n t a n d S » ES * SE* I f A i s t h e complement, o f a maxim a l p r o p e r i d e a l M, th e n A i s c o n ta in e d i n t h e s e t o f e n d p o in ts a n d h e n c e i s The f i n a l c o n c lu s io n i s c le a r * THEOREM 3 .1 5 * S uppose S i s an h e r e d i t a r i l y u n ic o h e r e n t co n tin u u m .
w ith a z e r o * I f t h e e n d p o in ts a r e id e re p o te n t an d commute one w ith a n o th e r th a n S i s a b e lia n * " ideB spotents a n d h a s a a e ro th e n S i s a b e l i a n , THEOREM 3*17 l e t . S .b s a one d im e n sio n a l..c l a n .w ith z e r o . I f t h e s e t ( o , j p ) , in co n tra d ictio n to theorem 3«U* F i n a l l y , i f H (l) i s a b e l i a n a n d any x and y a r e o f t h e form p j and q t r e s p e c t i v e l y , w ith p and q e n d p o in ts and j and i p o in ts o f ( o , l ) , them x y " (p i)(« li) a p(<3«5;)i " p ( q j ) i ® = p q i j « q p i,j * q i p j 3 y x , Hence S i s th e n a b e l i a n .
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